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Abstract
The study of the interaction between a
reinsurer and several insurers, or between
a central branch (CB) and several subsidiary
companies suggest the concept of CB risk
networks, and many interesting problems.
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1 Central branch risk networks
Definition 1. A central branch (CB) risk network is formed
from:

1. Several spectrally negative subsidiaries Xi (t), i = 1, . . . , I ,
which must be kept above certain prescribed levels oi by bailouts from a central branch (CB) X0 (t), or be liquidated when
they go below oi .
2. The reserve of the CB is a spectrally negative process denoted
by X0 (t) in the absence of subsidiaries, and by X(t) after
subtracting the bailouts. The ruin time

τ = τ0− = inf{t ≥ 0 : X(t) < 0}
causes the ruin of the whole network and leads to a severe
penalty.
3. The CB must also cover a certain proportion αi = 1 − αi
of each claim Ci,j of subsidiary i, leaving the subsidiary to
pay only αi Ci,j , where αi ∈ [0, 1] are called proportional
reinsurance retention levels.
Remark 1. For a CB network, the boundaries ui
1, ..., I are reflecting and u0 = 0 is absorbing.

= oi , i =

Two important characteristics of a CB network are:

1. the ruin probability transform:

[

]

Sq (u, θ) := Eu e−qτ +<θ ,X (τ )> ; τ < ∞ ,
X(t) = (X0 (t), X1 (t), ..., XI (t)).

(1)

2. the optimal discounted dividends until ruin:

∫
V F (u) :=

sup
π=(R0 ,R1 ,...,RI )

τ

Eu

(
e−qt

0

I
∑

)
dRi (t) ,

i=0

where Ri denotes the nonnegative cumulative dividends/consum
process paid by the i-th branch.

More generally, τ could be replaced by other stopping
times, like the drawdown time

τξ := inf{t ≥ 0 : Xt ≤ ξ sup Xs },
0≤s≤t

where ξ

∈ (0, 1) is a fixed constant.

1.1 Heuristic valuation using equilibrium line policies

A natural approach for evaluating financial companies,
going back to de Finetti [DF57] and Modigliani and Miller [MM61]
is to consider the optimal expected discounted cumulative dividends/optimal consumption until ruin (2) – see [LST14] for further references on this venerable approach.
If the liquidation time τ is also optimized

∫
I F (u) :=

sup
π=(R0 ,R1 ,...,RI ,τ )

τ

Eu
0

e−qt

( I
∑

)
dRi (t) , (3)

i=0

the result I F (u) is a Gittins type valuation index. We will propose now a heuristic multi-dimensional valuation index inspired
by the remarkable fact that central branch network problems
admit occasionally explicit answers, if the retention levels are
small enough [APP08a, APP08b, BCR11, AMP16].
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Figure 1: Geometrical considerations

We recall from the papers above that when I

= 1 and

α1
c0 ≤ c1 ,
α1
i.e. if the angle of the vector α = (α1 , α1 ) with the u1 axis is
bigger than that of c = (c1 , c0 ), then the lower cone

α1
C := {0 ≤ u0 ≤ u1 }
α1
contains c and is invariant with respect to the stochastic flow,
and the ruin probability is a classic one-dimensional ultimate
ruin probability

Ψ(u1 , u0 ) = Ψ(α1

u0
, u0 ) := Ψ0 (u0 ), ∀u0
α1

Turning now to several dimensions several dimensions, it
is easy to check that:
Lemma 1. The cone

C := {0 ≤ u0 ≤ ui

αi
, αi = 1 − αi , i = 1, ..., I}
αi

is invariant under the ”(extra) cheap reinsurance” condition

αi
c0 ≤ ci , i = 1, ..., I.
αi

(4)

The boundary edge

u1

1 − α1
1 − αi
= ... = ui
= u0 , i = 1, ..., I,
α1
αi

(5)

to be called ”equilibrium line”, plays a prominent role in two
recent papers, [BB11] § and [AMP16], who solved the optimal dividends problem in the (extra) cheap reinsurance two1
dimensional case c1 1−α
> c0 . The last paper showed that:
α
1

§

who computed an explicit value function maximizing an
expected exponential utility at a fixed terminal time for multidimensional reinsurance model under the ”cheap reinsurance”
1−α
assumption that the drifts point along the line c1 α 1 = ... =
I
cI 1−α
αI .

1

1. Starting from the equilibrium line, the optimal policy is
to stay on this line by cashing the excess income of the
subsidiary as dividends.
2. Starting from points away from the equilibrium line, in
the cheap reinsurance case, the optimal policy is to
reach the equilibrium line by one lump sum payment.
3. In the extra cheap reinsurance case, the optimal policy
is more complicated, when starting in a certain eggshaped subset of the non-invariant cone (where parts
of the premia are cashed, following a ”shortest path”,
in some sense).
The first two findings prompt us to introduce multi-dimensional
”equilibrium line” policies for (extra) cheap reinsurance networks,
under which the network follows this line in the absence of
claims, by subsidiaries cashing part of their premia as dividends. Subsequently, whenever the CB or one subsidiary
drop below, all the other subsidiaries reduce their reserves
by lump sum dividend taking, bringing back the process on
the equilibrium line.
Remark 2. These strategies may not be optimal; however,
since they stipulate that the subsidiaries just ”accompany deterministically” the CB, the value of the network expected dividends decomposes as a sum of one-dimensional quantities–
see next Lemma.

Lemma 2. For a general CB network, and a fixed admissible
dividends process R0 (t), the de Finetti value function for the
equilibrium policy associated to π = (R0 , τ ) is:

[∫

τ

VπF (x) = Ex
0

where

γ=

I
[
∑
αi
e−qt dR0 (t)+e
cdt−γdX0 (t)− (γ −1)dX
αi
i=1

I
∑
αi
i=1

αi

, e
c=γ

I
∑
i=1

ci

αi
.
αi

Optimizing dividends reduces thus to a one-dimensional
problem.

2 Valuation of spectrally negative Lévy
subsidiaries using dynamic indices built
from the scale functions
Consider a subsidiary with liquidation value w(x), and
the value function of a policy π = (R, R∗ , τ ) involving some
dividend process R, bailout process R∗ , and stopping time τ .
Modify now this value function by subtracting a constant subsidy I = I(x) for stopping, and choose this subsidy so that
the decision of whether to continue or stop yield equal payoffs.
Suppose that dR∗ (t) consists of a single payoff at the liquidation/reevaluation time τ .
Then, the valuation index is provided by the equation:

[∫

τ

sup Ex
π

e

−qt

(

)]
dR(t) + dR∗ (t) − I = w(x)

0

[∫
=⇒ I(x) = sup Ex
τ

τ

]

e−qt dR(t) + e−qτ w(X(τ )) − w(x)

0

As a simplification of this optimal stopping problem, suppose
that the stopping time is prescribed by forced stopping, for example at τ = τo− .The result is a modified De-Finetti objective

[∫
V F (x) = Ex
0

τ

]

e−qt dR(t) + e−qτ w(X(τ )) − w(x) (6)

{

kx − K, x < 0
,
x − K, x ≥ 0
−
where K ≥ 0 is a penalty for quick liquidation, and τ = τ0 ,
With linear liquidation costs w(x)

=

this problem was essentially studied in [LR10, APP15]. The
approximate index is then:
′
1
−
S
w (b)
F
V (x) = Sw (x) + Wq (x)
− w(x),
Wq′ (b)

(7

Sw (x) = kZ1,q (x) − KZq (x), Z1,q (x) = Z q (x) − pW q (x)

The optimal b is typically the last maximum of the barrier
function
′
1 − Sw
(b)
G(b) =
.
′
Wq (b)

The optimization of the bailout point
and deserves further attention.

(8)

o has been less studied,

Remark 3. Several variations of this index may be obtained
replacing absorption at τ by Parisian absorbtion or reflection,
and by adding refraction or other boundary mechanisms; the
valuation index I is again given by (7), once one uses the
appropriate scale functions W, Z, Sw [KL10, AIZ14, APP15,
APY16].

3 Eight first passage laws for Poissonian (Parisian) detection of insolvency
A useful type of models developed recently [AIZ14, AI15,
APY16] assume that insolvency is only observed periodically,
at an increasing sequence of Poisson observation times Tr =
{ti , i = 1, 2, ..., the arrival times of an independent Poisson
process of rate r , with r > 0 fixed.
The analog concepts for first passage times are the stopping times

Tb+ = inf{ti : X(ti ) > b}, Ta− = inf{ti > 0 : X(ti ) < a} (
A spectrally negative Lévy processes with Parisian reflection below 0 may be defined by pushing the process up to 0
each time it is below 0 at an observation time Ti .
Remark 4. Parisian detection below
spent in the red”

∫

∞

T<0 :=
0

Px [T0−

0 is related to the ”time

I{X(t)<0} dt.
[

= ∞] = Px [T<0 < E(r)] = Ex e

−rT<0

]

Φr
= p Z(x, Φr
r

Proposition 1. Let X be a spectrally negative Lévy process
with Parisian detection below 0 at rate r . Then, for x ∈ [0, b]:

1. The capital injections/bailouts law for a reflected process,
+

until τb [APY16, Cor 3.1 ii)], [IP12, Thm 2]. Let X [0 (t) denote the SNMAP process reflected at 0, let R∗ (t) = −(0 ∧

X(t)) denote its regulator at 0, so that X [0 (t) = X(t) +
[0
R∗ (t), and let Ex denote expectation for the process reflected
at 0. Then:
[0 −qτb+ −θR∗ (τb+ )
]
Ex [e

=
L∗,θ (x, b) :=

−1

Z
(x,
θ)Z
(b,
θ)
θ<
q,r
q,r

P[0 [τb+ < T0 ] = Zq,r (x, Φq+r )Zq,r (b, Φq+r )−1


:= Wq,r (x)Wq,r (b)−1
θ=
where

r
q − κ(θ)
Zq,r (x, θ) =
Zq (x, θ)+
Zq (x, Φq+r ),
q + r − κ(θ)
q + r − κ(θ)
with θ

= Φq+r interpreted in the limiting sense.

When r → ∞, Zq,∞ (x, θ) = Zq (x, θ), Wq,∞ (x)
and (10) reduces to classic results [IP12].

= Wq (x)

2. The expected discounted dividends until
are :

Vq,r (x, b) = E|0,b]
x

[∫

T0

T0 [AIZ14, (27)]

]
−1

′
e−qt dR(t) = Wq,r (x)Wq,r
(b)

0

(10)
where E|0,b] denotes the law of a process reflected from above
at b with Parisian absorbtion at 0, and R(t) denotes the upper
regulation at b.
3. The expected discounted dividends with reflection at 0 at
Parisian times, until the total bail-outs surpass an exponential variable Eξ satisfy

[∫
S
V∗,ξ
(x, b) = E[0,b]
x

∞

0
−1

e−qs 1[R∗ (s)<Eξ ] dR(s)

]

′
= Zq,r (x, ξ)Zq,r
(b, ξ)

see [AI14, (15)].
+

4. The severity of Parisian ruin with absorbtion at τb [AIZ14,
(15)] [IP12, Cor 3] is:

[
]
S b (x, θ) = Ex eθX(T0 ) ; 1T0 <τb ∧Eq =
Zq,r (x, θ) − Wq,r (x)Wq,r (b)−1 Zq,r (b, θ).

,

5. The expected total discounted bailouts at Parisian times
+
up to τb are given for 0 ≤ x ≤ b by [APY16, Cor 3.2 ii)]:

[∫

V∗ (x, b) := E[0
x

τb+

]

e−qt dR∗ (t)

0

= Zq,r (x)Zq,r (b)−1 S(b) − S(x).
where

r (
κ′ (0+ ) )
S(x) = Sq,r (x) =
Z q (x) +
.
q+r
q

(11)

6. The total discounted bailouts at Parisian times over an infinite horizon, with reflection at b are [APY16, Cor 3.4]:

[∫

V∗S (x, b) = E[0,b]
x

∞

]
e−qt dR∗ (t)

0

′
Zq,r (x)Zq,r
(b)−1 S ′ (b) − S(x).

7. The q -resolvent of doubly absorbed Lévy processes may
be expressed, in terms of the scale function [BPPR, Thm 2].
Namely, for any Borel set B ∈ [a, b],

Ex

(∫

τa− ∧τb+

e

∫
=
a

0
b

1{y∈B}

−qt

[W

)
1{Xt ∈B} dt

]
− a)Wq,r (b − y)
− Wq,r (x − y) dy
Wq,r (b − a)

q,r (x

8. The dividends- penalty law for a process reflected at b, with
Parisian ruin [AIZ14, (23)], [IP12, Thm 6] is:

]
[
−ϑR(T0 )+θX(T0 )
; T0 < Eq = Zq,r (x, θ)
:=
e
( ′
)−1
Wq,r (x) Wq,r (b) + ϑWq,r (b)
( ′
)
Zq,r (b, θ) + ϑZq,r (b, θ) .
Sϑb (x, θ)

E|0,b]
x

When x

= b, we may factor the transform (??):
[
]
|0,b]
Eb
eθX(T0 )−ϑR(T0 ) ; T0 < Eq = Ω(Ω + ϑ)−1
(
)
(
)
Zq (b, θ) − Ω−1 θZq (b, θ) + (q − κ(θ)) Wq (b)

where
−1

F
′
Ω = Vq,r
(b, b)−1 = Wq,r
(b)Wq,r (b)

By (12), R(T0 ) and X(T0 ) are independent when starting
from b, and the former has an exponential distribution with parameter Ω [AIZ14, (23)].

r
r+q−

4 Acceptance-rejection of Lévy subsidiary companies observed at Poissonian times, based on readiness to
pay dividends
Even in the one- dimensional case, the final choice of an
acceptance-rejection principle is not at all obvious. A first intuition is that an acceptable subsidiary must satisfy the classic
positive profit condition

p := E0 [X(1)] > 0

(12)

or its extension with linear bailout costs [LR10].
Note that the profitability/viability condition of [LR10] is
equivalent to

G(0) ≥ 0,
where G is the barrier influence function, and interesting variations may be obtained by replacing absorbtion at 0 with reflection or Parisian reflection, which change the scale functions.
The simplicity of all the resulting formulas comes from the fact
that the scale functions are only evaluated at 0. This suggested
an acceptance-rejection criteria introduced in [AM15, AM16],
based on the readiness of subsidiaries to pay dividends at
b = 0.

Definition 2. A subsidiary will be called efficient if the barrier
b = 0 is locally optimal for paying dividends over some interval
b ∈ [0, ϵ), ϵ > 0, i.e. if it holds that

G′ (0) ≤ 0.
The motivation of this condition is that companies satisfying it are functional even in the absence of cash reserves, and
can contribute cash-flows to the central branch without having
to wait first until their reserves build out; efficiency is thus translated as readiness to pay dividends. This criterion turns out
to be a useful complement of the viability concept G(0) ≥ 0
(which at its turn generalizes the classic p ≥ 0).
The next result provides a nontrivial efficiency criteria under the SLG infinite horizon cumulative dividends-bailouts objective with Parisian reflection.

Theorem 1. a) The SLG value function with Parisian reflection
and linear bailout costs kx is:

VSLG (x) =

′
Zq,r (x)Zq,r
(b)−1
′

= kS(x) + Zq,r (x)
b) The barrier b
function G(b)

:=

(

′
− k Zq,r (x)Zq,r
(b)−1 S ′ (b) −

1 − kS (b)
′ (b)
Zq,r

= 0 is a local maximum iff the influence

1−kS ′ (b)
′ (b) satisfies
Zq,r

)
′′
′
′′
G′ (0) ≤ 0 ⇔ k S ′ (0)Zq,r
(0) − S ′′ (0)Zq,r
(0) ≤ Zq,r
(0)
(

q
Φq+r − rWq (0+ )
⇔ k ≤ (1 + )
.
r Φq+r − (r + q)Wq (0+ )
In the finite variation case § (13) holds iff

Φq+r − r/c
q
k ≤ k(q, r) := (1 + )
r Φq+r − (r + q)/c
Remark 5. It may be checked that k(q, r) increases in q from
k(0, r) = 1 to infinity and thus an inefficient subsidiary with
high transaction cost k > k(q, r) may be turned into efficient
by increasing the killing q sufficiently.
§

in the infinite variation case, the first equation still holds,
but the efficiency index does not reflect the distribution, since
Φq+r cancels

(13)
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additive processes. In Séminaire de probabilités XLI, pages 121–135. Springer, 2008.

[KPP14]
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Stéphane Loisel. Differentiation of some functionals of risk processes, and optimal reserve
allocation. Journal of applied probability, pages 379–392, 2005.

[LR10]

Ronnie L Loeffen and Jean-Franrcois Renaud. De finetti’s optimal dividends problem with
an affine penalty function at ruin. Insurance: Mathematics and Economics, 46(1):98–108,
2010.

[LRZ11]

David Landriault, Jean-Franrcois Renaud, and Xiaowen Zhou. Occupation times of spectrally negative lévy processes with applications. Stochastic processes and their applications,
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processes. Preprint, 2015.

[Ren14]

Jean-Franrcois Renaud. On the time spent in the red by a refracted lévy risk process. Journal
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